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Abstract 

An explicit mass formula is proposed for three active neutrinos and their heavy sterile 
(righthanded) counterparts in the framework of seesaw mechanism. The formula correlates 
reasonably the experimental estimates for the solar Amf 2 and atmospheric Am| 2 in the 
case of hierarchical spectrum ml <C m\ <C m\ of active neutrinos. The lightest heavy 
neutrino is predicted to be O(10 5 ) times lighter than the heaviest. An efficient mass 
formula, proposed previously for charged leptons, is recalled and coordinated with the 
new mass formula for neutrinos. 
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As is well known, the bilarge form of neutrino mixing matrix 
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where cu = cos #12 and S12 = sin#i 2 are estimated to correspond to 6*12 ~ 33°, is globally 
consistent with all present neutrino-oscillation experiments [1] for solar z/ e 's and atmo- 
spheric z/ M 's as well as KamLAND and Chooz reactor P e 's [the negative result of the 
Chooz experiment gives the upper limit sf 3 < 0.03 for S13 = sin #13 that is neglected in 
(1)]. However, this form cannot explain the possible LSND effect [2] for accelerator z/^'s 
(and z/^'s) whose existence (for i^'s) is expected to be clarified soon in the miniBooNE 
experiment. Its negative result, consistent with the form (1) of U, would exclude mixings 
of active neutrinos with hypothetical light sterile neutrinos, leaving us with the 3 to 3 
mixing transformation 



between flavor and mass active neutrinos, v a = v e , , v T and z/j = v\ , v 2 , z/ 3 . Here, 
U = (U a i) is given as in Eq. (1). 

In this note we make the observation that in the neutrino mass spectrum as it is seen in 
the present oscillation experiments there may be some new numerical regularities. Even 
if not understood theoretically yet, they may lead to a deeper insight in the neutrino 
mass problem. Needless to say that, in the history of physics, observations of new nu- 
merical regularities in energy or mass spectra of physical states often implied theoretical 
discoveries (a famous example is the empirical Balmer formula for hydrogen spectrum). 

We start with the neutrino 6x6 mass matrix 



involving Dirac and righthanded Majorana 3x3 mass matrices, and M^ R \ and 

accept the seesaw mechanism [3] leading to the effective 3x3 mass matrix for active 
neutrinos of the form 




(2) 




(3) 
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M = M^ J ^M^ T , (4) 
where is assumed to dominate over M^ D \ Here, 

U T MU = diag(mi, m 2 , m 3 ) (5) 

with mi denoting masses of active mass neutrinos z/j. For simplicity, we will take 

and real (M^ is always Hermitian and — symmetric), what is consistent 

with the real form (1) of U (then, U T = W = U' 1 ). 

Suppose that the spectrum of is identical with the masses m ei = m e ,m^,m T of 
charged leptons = e~ , fj,~ , r~ (though is the Dirac mass matrix for neutrinos) , 

and assume that 

U ] M {D) U = diag(m e , m^, m T ) . (6) 
Then, from Eqs. (4), (5) and (6) we get for the active mass neutrinos v { the mass spectrum 

o 

m e / x 

where 

1 a/3 V 7 Q /3 

and Mi ^> m ei ^> mi (with nonnegative mj). In particular, if also the matrix WM^U 
is diagonal, then 1/Mj are eigenvalues of 1/M^ R \ since in this case 

U ] M^ R) U = diag(M 1 , M 2 , M 3 ) , (9) 

where Mj become Majorana masses of heavy sterile (righthanded) neutrinos. In general, 
however, 1/Mj given in Eq. (8) are average values of l/M^ in the mass states of active 
neutrinos. 

Now, we can observe that the conjecture of the (weighted) proportionality between Mj 
and m ei , namely 

Mi(xN?m ei , Ni = 1,3,5, (10) 
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leads to the values of Am^ = m\ — to 2 and Am^ = m| — to| consistent with the 
experimental estimates [1] 

(Am^) exp ~ 7 x 1(T 5 eV 2 , (Am] 2 ) cxp ~ 2.5 x 10" 3 eV 2 , (11) 

if the neutrino mass hierarchy m 2 <C m\ <C m\ is realized. In fact, the seesaw spectrum 
(7) and the conjecture (10) imply the (weighted) proportionality between m ei and to^: 



m ei oc Nfm t . (12) 

This gives 

1^ = ^ = 0.1652, (13) 

?«3 9 m T 

where the experimental values m M = 105.658 MeV and m T = 1776.99+ ; 2 g MeV [4] are 



used, while for the experimental estimates to 2 xp ~ V7 x 10~ 5 eV and V2.5 x 10- 3 

eV [valid if m 2 <C m 2 , <C m 2 in Eqs. (11)] one obtains 



cxp 
TO, 



|= ~ V2.8 x 10~ 2 = 0.17 (14) 



cxp 



m 3 

(for TOg Xp ~ \J2 x 10~ 3 eV this ratio is equal to 0.19). In another way, Eq. (13) predicts 
either 



to 3 ~ V2.6 x 10~ 3 eV = 5.1 x 10" 2 eV (15) 
with the input to 2 = to 2 xp ~ V7 x 10~ 5 eV or 



to 2 ~ V6.8 x 10" 5 eV = 8.3 x 10~ 3 eV (16) 

with the input to 3 = m c ^ p ~ V2.5 x 10~ 3 eV (for to 3 = TOg Xp ~ V2 x 10~ 3 eV the second 
prediction becomes to 2 ~ V5.5 x 10- 5 eV = 7.4 x 10~ 3 eV). Note that to 2 <C toJ, in 
consistency with the assumption of neutrino mass hierarchy. 

From Eq. (12) we can also estimate m 1 . In fact, Eq. (12) gives 



TOi m P , , 

— = 9— = 0.0435271 , 17 

m 2 m M 
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where the experimental values m e = 0.510999 MeV and m M = 105.658 MeV [4] are used, 
what leads to the prediction 

mi ~ Vl.3 x 10- 7 eV = 3.6 x 10~ 4 eV , (18) 

when the input m 2 = m 2 xp ~ V7 x 10~ 5 eV is applied. Notice that consistently mf <C m\. 
So, m 1 is O(10 2 ) times smaller than m 3 . 

In conclusion, we can see that, in the framework of seesaw mechanism, our conjecture 
(10) is consistent with the present neutrino-oscillation data. 

The proportionality coefficient for Eq. (12), call it (, can be determined directly. E.g. 



taking m 2 = m^ p ~ V7 x 10 5 eV and m M = 105.658 MeV we calculate 



C = 3i. „ 1.4 x 10 9 . (19) 
9m 2 

With the proportionality coefficient (, Eq. (12) gives 

m ei = CNfrm . (20) 

Then, from Eqs. (7) and (20) 

Mi = — — = C 2 iV>, = (N?m ei . (21) 

7T7.j 

Thus, ( is the proportionality coefficient also for the conjecture (10). With Eq. (19), the 
formula (21) implies the estimates 

Mi ~ 7.2 x 10 5 GeV , M 2 ~ 1.3 x 10 9 GeV , M 3 ~ 6.2 x 10 10 GeV . (22) 

Hence, M x : M 2 : M 3 = 1 : 1.9 x 10 3 : 8.7 x 10 4 and so, M x is predicted to be O(10 5 ) 
times smaller than M 3 . 

Some time ago we observed that the mass spectrum of charged leptons = e~, t~ 
can be expressed with high precision by the formula [5] 

m ei = Pi» (n? + , (23) 

where 
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1 4 24 

Pl ~ 29 ' 29 ' 29 (24) 

(Si P« = 1)5 = 1)3,5 as above, and /i > and £ > are constants. Then, we get 
explicitly 

m e = ^e,m, = ^(80 + e), , m T = ^(624 + e) . (25) 

The interested reader may find a discussion about theoretical background of the simple 
formula (23) in Ref. [5] (in particular, the numbers JVj and pi (i = 1,2,3) are interpreted 
there). With the experimental values m e and m M as an input, the formula (23) leads to 
the prediction 
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m T = (351^ _ I36m e ) = 1776.80 MeV (26) 

and also determines 

= 29(9m,-4m e ) = 320 ^; = 0.172329 . (27) 

P 320 ' 9m M -4m e V ' 

We can see that the prediction (26) lies really close to the experimental value m^. xp = 
1776.99lg;| MeV. 

Making use of the charged-lepton mass formula (23) we can rewrite Eqs. (20) and (21) 
in the forms 



m * = ^( 1 + lvr) )M = p,KiV^l + ^i), (28) 
where all factors on the rhs are known. The first and second Eq. (28) gives the mass for- 
mula for active and heavy sterile (righthanded) neutrinos, respectively. With the estimate 



(19) for C (determined by m 2 ~ V7 x 10~ 5 eV), we get from Eqs. (28) the estimations 
(18) and (15) for mi and m 3 as well as the estimation (22) for M 1 , M 2 and M 3 . Notice 
that here the simple sum rule 



(Nfrrii + = 2m 6i (29) 



(i = 1,2,3) holds. 



5 



References 



[1] For a recent review cf. V. Barger, D. Marfatia and K. Whisnant, hep-ph/0308123, 

[2] For a report cf. G. Mills, Nucl. Phys. Proc. Suppl. 91, 198 (2001); and references 
therein. 

[3] M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, edited by F. van Nieuwen- 
huizen and D. Freedman, North Holland, 1979; T. Yanagida, Proc. of the Workshop on 
Unified Theory and the Baryon Number in the Universe, KEK, Japan, 1979; R.N. Mo- 
hapatra and G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980). 

[4] The Particle Data Group, Phys. Rev D 66, 010001 (2002). 

[5] W. Krolikowski, Acta Phys. Pol. B 33, 2559 (2002); and references therein. 



6 



